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Zappa-Szép products

let HK < G.

amact product of H and K, G = Hix K. v

[

Other names: general product, knit product, exact factorization.
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These structures are named after
e Guido Zappa (1940, in Italian), and
e Jend Szép (1948)
who independently studied these products in the mid-20th century.

Other folk deserve a mention though:
® de Séguier (1904, in French) J1
® Miller (1935)
® Neumann (1935)
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Let a group G of order mn possess cyclic subgroups A and B, of orders m and n, respectively, and let the intersection of A and B
consist of the unit-element only. If A and B are generated by a and &, respectively, then from the fact that A and B must be
permutable it follows that there exist formulae ba® = a%16¥*) and d¥a = a“®b#®¥) . Here 8(z) and p(y) are permutations of the residue
classes modulo m and n, respectively. The idea of the author is to attack directly this permutational aspect of the situation. He
shows that 8(x) and ¢(y) determine the structure of the group @ completely; indeed tYa® — o®@"®) and a¥Wa®h? — a®+EE 0
He determines properties of permutations which are necessary and sufficient to associate them with a group G in the manner
indicated above. With the help of these criteria he finds many properties of groups which are the product of two permutable cyclic
subgroups, e.g. that they are soluble. He determines the normalizers of A and B, respectively, also maximal Abelian subgroups and
the order of the centre of G. The discussion is in permutational rather than group-theoretical language throughout. The exiensive

ek s s, For a survey see, e.g., the paper of Wielandt
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reviewed above.

Reviewed by K. A. Hirsch

The external view

If kh e G with k € K and h € H, we can reverse this product:
there exists unique elements k - h € K and 6y (h) € H such that
kh = 6x(h)(k - h).

| I ~ el Fi k*l\ég\ 3 Lgék/l:é% S'bl
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kh—0e(h)(k-h). ”f'”ug ;. b,
- Wk ),~,£ kkeé\ 3 kek,
ps & b= h

&@W&WL&L@ k- [

We therefore have two functions
(k,h) — #.{h) € H, (k,h)— &k - he K

called the mutual actions defined by the multiplication.

Lh= ‘@;,_(L)(LL) wk
\rcLL — (L (k/\)

Z‘ @kCL)@ (A H)L]
Ot =, |
| /1 € W k
éauhb(&Luv
g.(Lk)=0,0)9,, [h)

() s bllh Rkl

This general idea allows for generalisations to other algebraic
structures (see Brin O the Zappa~5zép product, Comm. Algebra
2005).
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Take these conditions as axioms which two functions must satisfy:

Let H, K be semigroups where h, hi,ho € H and k., ki, ko € K:

(C k- (haho) = (k- hy) - ),

—) k(b)) = (hl)ek.hl(hz)v
.(( Hklkz h) (ka( ))

) (kik2)-h= (ki -0, (h))(k2 - h)
= (‘\ /l '( L\
Then under the multiplication ‘\a\ kl \‘Z lzz 1“6 l) ( : b)

(h1. k1)(h2. k2) = (M0 (h2). (k1 - h2)ko), ’))

the set H x K defines a semigroup called the external Zappa—Szép
semigroup of H and K, denoted H <1 K.

If H and K are monoids and the multiplication satisfies

> k-lpy=k )) 6’;1 g}

=1 > o(1)=1,

then Hx K is a m)(yld called the external Zappa—Szép monoid
of H and K.

If H and K are groups then the external Zappa—-5zép monoid is in
fact a group, the external Zappa—Szép group of H and K.

e

(953 kuhge
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Automata

An automaton Apy.qk is a labeled, directed graph. For US:("/\\@.\ELD

® vertices from (a subset of) K, /—_\' i
¢ fe

® edge labels from (a subset of) H x H.

Want Ap.qk to encode the structure of the Zappa—-Szép product. \d
V k- (hihy) = (k- h1) - ho, p,_kvqa(b) Uv/)
§ Ok(hih2) = Ok (h1)bi. (h2),
gklkZ(h) = le(gkz(h)): ))

(kika) - h = (ki - Ok, (h)) (k2 - h)
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Presentations

If H and K are groups then H <1 K has relative presentation

e (H K| Thoar)

where Ty consists of elements of the form kh = 0, (h)(k - h).

—

—
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Given H, K and Tpw.k as above, under what conditions is
S

(HK | H: K TH[XJK)

a Zappa—5zép semigroup/monoid/group H =<1 K ?
o group

<C\:éj ”l/‘D GL?Zt‘Q’_UL ,CXS":Q_‘:/

)

\1)7&‘8‘0

Plan of action:
@ Fix an alphabet X.
® Fix a group H.
© Define Tppak via an automaton Ay x).
@ Placing restrictions on Ay x) gives:

-i-
® 3 semigroup H 1 X, K = X
® a3 monoid H 1 X*. ¥
® agroup Hpa F(X). K= ¥

k>~PCx)

Suppose A x) satisfies the serial processing condition. Then

Sem{t X | sh 0 1) (h & Hx € X) \f/f@k)@))
“h

is a Zappa-Szép semigroup of H and X™. % ¢

Proof./l,lvc rt’/b\/”"/ Sa #Fem o(‘lﬂi"keléo
< : @”Cﬂ) Cnaﬂ) xeX

(3 Conplft — ¥ wEX '
TF ... 11 o 0 S aST <« A (WSS W
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Additional conditions

Suppose Ay x) satisfies the serial processing condition, and both
. d S way ey g
A(H.x) and the duzi automaton A(H,X) are invertible. Then

Mon[H, X | xh = 6,(h)(x - h) (h € H,x € X)]
is a Zappa—Szép moncid of H and X*, and
Grp[H, X | xh = 0x(h)(x - h) (h € H,x € X)]

is a Zappa—Szép group of H and F(X),

Dual and inverse automata
Feub) W Fg) @ Ca b, 00y, 2]
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Application: Automorphism-induced HNN-extensions

Theorem

Fix G a group.
e et H< G be a subgroup.
® let T be a transversal for G/H.
® Let ¢ € Aut(G) be an automorphism.

Then the automorphism-induced HNN-extension
(G,t|tht™! = ¢(h) (h € H))
is isomorphic to the Zappa—Szép product

G F(X)=(G,X | xrg =o¢(g)xgz (7 € T,g € G)).

Conclusions

® There is a link between Zappa—Szép products and automata
for semigroups.

® This can be generalised and exploited to answer the question
“when do a set of relators of the form zx = #,(x)(z - x) give a
Zappa—Szép product?”

Thank you for your attention!
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